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Abstract: It is known that YM2 with gauge group SU{N) is equivalent to a string theory 
with coupling Qs = 1 /N, order by order in the \/N expansion. We show how this results 
can be obtained from the bosonization of the fermionic formulation of YM2, improving 
on results in the literature, and we examine a number of non-perturbative aspects of this 
string/YM correspondence. We find contributions to the YM2 partition function of order 
exp{—/cA/( 7 ra'g(s)} with k an integer and A the area of the target space, which would 
correspond, in the string interpretation, to Dl-branes. Effects which could be interpreted 
as DO-branes are instead stricly absent, suggesting a non-perturbative structure typical of 
type OB string theories. We discuss effects from the YM side that are interpreted in terms 
of the stringy exclusion principle of Maldacena and Strominger. We also find numerically 
an interesting phase structure, with a region where YM2 is described by a perturbative 
string theory separated from a region where it is described by a topological string theory. 
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1. Introduction 


In the early nineties Gross Q and Gross and Taylor Q showed that two-dimensional 
pure YM theory with gauge group SU{N) on a euclidean manifold of arbitrary topology 
is equivalent, order by order in the large N expansion, to a string theory with coupling 
Qs = 1/N (see e.g. refs. |^]-[n| for further developements). 

In the light of the recent advances on string/YM correspondence it is interesting to 
go back to this result, for a number of reasons. First, in this two-dimensional setting 
the correspondence can be proven mathematically, at least at the level of perturbation 
theory. This comes from the remarkable fact that the partition function of YM 2 on an 
arbitrary euclidean manifold, with gauge group U{N) or SU{N) and N generic, can be 
computed exactly. Second, this theory has no space-time supersymmetry, suggesting that 
supersymmetry is not a necessary ingredient for a string/YM correspondence to hold- a fact 
of obvious importance if one hopes to apply the correspondence to QCD. And finally, in the 
years after refs. |]^, ||] came out, D-branes have been introduced and the understanding of 
non-perturbative string theory has developed greatly, so it becomes possible to ask whether 
this correspondence holds even beyond perturbation theory. 

In this paper we consider some aspects of the relation between YM 2 and string theory. 
In sect. 1^ we briefly recall the main results of refs. i i i I , where it is shown that 
the 1/N expansion of YM 2 can be interpreted geometrically in terms of a theory of maps 
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from a two-dimensional world-sheet to a two-dimensional target space. We also recall 
the result of Minahan and Polychronakos who showed that this expansion can be 
elegantly summarized in terms of a “string field theory” Hamiltonian, i.e. a Hamiltonian 
containing operators that create and destroy strings with a given winding over the cycles 
of the target manifold. This Hamiltonian, for U{N), consists of a term 0(1) plus a term 
0(1/A^) (for SU{N), there is also a term 0(1/A^^)) and all other perturbative corrections 
to it in powers of 1/N are exactly zero; the full and complicated 1/N expansion of the 
YM 2 partition function is completely reproduced by the expansion of the exponential of 
this Hamiltonian, traced over a multistring Fock space. Thus this Hamiltonian summarizes 
very compactly all the perturbative expansion, and is useful to clarify the physical meaning 
of this two-dimensional string-YM correspondence. 

In sect, ^we show how this Hamiltonian can be rigorously derived from a bosonization 
of the fermionic formulation of YM 2 . The idea behind the computation has been described 
by Douglas i0- However, strictly speaking the derivation of refs. |^, |^] only shows that the 
Hamiltonian of Minahan and Polychronakos is obtained as the leading term in the large N 
limit, while we will see explicitly that it is exact, i.e. all its further perturbative corrections 
in 1/N vanish. This completes a simple and rather elegant proof of the perturbative 
correspondence. 

In sect. § we examine some non-perturbative aspects of the correspondence. The 
expansion of the YM 2 partition function at large N has in fact also terms already 

noted by Gross |]I|, which should match with contribution of the corresponding 

string theory, if the correspondence holds even beyond the perturbative level. Indeed we 
will find that, from the YM side, there is a set of contributions proportional to 
with k an integer, A the target space area, a' the string tension of the string theory (fixed 
by the’t Hooft coupling of the YM theory, see below) and Qs = 1/A^. The factor 1/Qs at the 
exponent is suggestive of D-branes. More precisely, the proportionality to the area of the 
target space is just what one would expect from Zll-branes in this string theory. In fact, 
the strings corresponding to YM 2 have the peculiar properties of having no foldings ll|, 
i.e. their world-sheet area is an integer times the target space area. It is then natural 
to expect the same for the Dl-branes, and indeed the factor kA in the exponent can be 
interpreted as the world-sheet area of a Zll-brane wrapping k times over the target space 
without foldings, and ri = l/{Tra'gs) can be interpreted as the Dl-brane tension. We will 
see that instead there is no effect that has an interpretation in terms of DO-branes. We 
therefore find a non-perturbative structure typical of type B string theories: p-branes with 
p even are absent and with p odd are present. 


We will also find that a non-perturbative string effect as the stringy exclusion principle 
of Maldacena and Strominger [12| appears from the YM 2 side, as a very simple consequence 
of the fermionic formulation of YM 2 . We will then discuss our attempts to evaluate nu¬ 
merically the non-perturbative effects in YM 2 , and we will find an interesting structure in 
the plane {gg, a), where a = AH/2, A = e'^N is the’t Hooft coupling of the YM theory and 
A is the area of the target space. 
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2. The large-expansion of YM 2 


We consider pure Yang-Mills theory on a two dimensional euclidean manifold Af of arbi¬ 
trary topology, with gauge group U{N) or SU{N) and charge e. The partition function 
can be written as a sum over all representations R of the gauge group |^, 

Zym = J[VA^^] exp{-^ ^ , ( 2 . 1 ) 

where G is the genus oi Ai, A its area, A = is the ’t Hooft coupling, to be held fixed 
in the large N expansion, and 6*2 (i?) is the quadratic Casimir in the representation R. 

The representations R of U{N) or SU{N) are given by the Young diagrams with m 
rows, with m < N for U{N) and m < N for SU{N). Denoting hy hi, i = 1,... m, the 
number of boxes in the i-th row (with hjv = 0 for SU{N)) and by cj the number of boxes 
in the j-th column, the quadratic Casimir can be written as 

C^^^\r) = Nn + C{R ), (2.2) 

= Nn + CiR) - ^ , (2.3) 

where n = = Sj=i total number of boxes in the Young diagram, and 

N 00 

CiR) = ^h^-^cl (2.4) 

i=l j=l 


Observe that each of the hi takes values in the range 0 < /ij < 00 and its index i takes the 
values i = 1,... ,N, i.e. the number of rows is limited by N (with hjY = 0 for SU{N)) but 
the rows can be arbitrarily long. Instead 0 < Cj < N, with j = 1,... , 00 , corresponding 
to the fact that the length of the columns is limited by N (by N — 1 for SU{N)) but the 
number of columns is arbitrary. This asymmetry between the hi and the Cj is important 
when one considers non-perturbative effects, as we shall see. 

The dimension of the representation, dim R, has also a closed form in terms of the 
hi Q and therefore one has a very explicit expression for the partition function, which can 
be expanded in powers of 1/N. 

The beautiful result of Gross Q is that, order by order in 1/N, all terms in the expan¬ 
sion of the logarithm of Zym can be interpreted geometrically as a sum of contributions due 
to maps from a two dimensional world-sheets to the target space A4, or, more precisely, as 
a sum over all possible branched coverings of A4, so that one can identify log Zym with the 
partition function of a string theory with coupling gg = 1/N and string tension a' 1/A 
(recall that in two dimensions the electric charge e has dimensions of mass, so A = A is 
a mass squared): 


log Zym{G, a, a, A^] — Zstring 


Qs = XT 1 Q; 
ns 


1 

ttA 


(2.5) 


The details of this identification, fully worked out in refs. i H, i, are quite intricated, 
but basically one finds that the terms in the expansion of the left-hand side are weighted 
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by a factor exp(—nAA/2), with n a summation index which is interpreted as the number 
of sheets of the covering, so that the factor nA has the geometric interpretation of the area 
of the world-sheet of a string which has no foldings, and A/2 is then identified with the 
string tension l/(27ra'); the identification of gs with \/N comes from the presence of factors 

with X equal to the Euler characteristic of the branched covers (which includes the 
contribution of the singularities of the branched cover); furthermore, the overall coefficient 
associated to each contribution of the sum (i.e. to each branched cover) turns out to be 
related to the number of topologically inequivalent maps from the given branched cover 
to the target space. Therefore log Zym has a full geometric interpretation, and has the 
structure of the partition function of a theory of maps. 

The relation Zym = exp(Zstrmg) is of course the same relation that one has between 
the partition function of a first quantized particle, Z^i = f Dx^ e~^, computed integrating 
over all trajectories x^{t) with the topology of the circle, and the partition function of 
the corresponding field theory, Zvac = exp(Z 5 i). So eq. (^) means that YM 2 is rather a 
string field theory. 

This point becomes evident when one realizes that the whole complicated 1/N ex¬ 
pansion can be summarized very concisely in terms of a Hamiltonian acting on a Fock 
space generated by operators that create and destroy strings . To understand this, one 
observes first of all that the YM 2 partition function on a surface of arbitrary genus can 


be obtained from the partition function on the cylinder by using the gluing property |]T|, 
so we can limit ourselves to the partition function on a cylinder of circumference L and 
length T. To quantize YM 2 on a cylinder one chooses the gauge Hq = 0 and is therefore 
left with wave-functionals 'k[Hi(x)]. The constraint obtained varying with respect to Aq 
imposes that 'I'[Hi(x)] actually depends only on the holonomy U = Pexp[i dxAi], The 
Hilbert space of states can therefore be labelled by the holonomies, \U) Q. 

We then introduce the Fock space generated by the operators a„, with = 

n5n+m- Physically an with n > 0 destroys a string winding n times in the clockwise 
direction around the cylinder and a-n creates it. We also introduce a second set On creating 
and destroying strings winding in the counterclockwise direction. A generic multistring 
state is therefore of the form [HI 


*>0 j>0 


( 2 . 6 ) 


Now we consider the YM 2 partition function on a cylinder, with holonomies Ui, U 2 at the 
boundaries, 

^cyi = (C/i|e-^^|C/2), (2.7) 

where H is the YM 2 Hamiltonian. On the one hand, this can be computed exactly in 
closed form, similarly to O- On the other hand, we can rewrite it as 

^cyi = '^ms){s\e-^^\s'){s'\U2) , (2.8) 


where |s), |s') are a complete set of multistring states of the type (^). The matrix elements 


(t/|s) are fixed requiring that eq. (^) reproduces the dependence of Z^yi on the holonomies. 
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When the state |s) is constructed only from operators (or only from d_n) the result 
is especially simple|^^, 

CO 

{U\k) = . (2.9) 

j=i 

Then the Hamiltonian H in the string basis is fixed requiring that, when inserted into 
eq. (^), it reproduces the full 1/N expansion of the cylinder amplitude, and for SU{N) 
it turns out to be Q 

H = < {M + Sf) — — MY + {oi-n-lOlnOll + Oi-nOi-lOin+l) + 


n ,/>0 


{oi—n—l^n^l “ 1 “ ^—n^—l^n-\-l) 


( 2 . 10 ) 


n,/>0 


i.Oln 


where M = 

Eq.( 2.10| ) shows in the clearest way that YM 2 is equivalent to a string field theory, 
since all matrix elements can be computed in terms of a Hamiltonian and a Fock space 
constructed using operators that create and destroy strings with a given winding number 
around the cylinder. 

Considerable effort has gone into trying to reproduce .^string in eq. (^) from the path 
integral over a suitable string action |^, ^ |^, in order to make contact with the standard 
first-quantized formalism of string theory. It appears, however, that if such a formulation 
exists at all, it is very complicated, except in the limit of vanishing target-space area, H —> 0, 
where one finds a topological string theory. On the other hand, at least at the perturbative 
level, a first quantized formulation is not really necessary, since in this case we are in the 
rather unique situation of having already at our disposal a second quantized string theory, 
defined by the Hamiltonian ( p.lO ), which furthermore has an extremely simple form, with 
just a free piece plus cubic and quartic interaction terms, and, at least at the level of 
perturbation theory, contains all the informations that we need on the stringy description 
of YM 2 . 

The Hamiltonian (2.10) was first found Q as a sort of bookkeeping device that summa¬ 
rizes the whole 1/N expansion of Zym- One can ask whether it can be derived directly from 
the YM 2 action, shortcutting the highly elaborated procedure of the 1/N expansion. In 
fact this is possible, if one starts from the fermionic formulation of YM 2 and then bosonizes 
it, as was understood by Douglas |^, Actually, while we can see, following refs. |^, 0, 
that the Hamiltonian H emerges from this bosonization procedure in the large N limit, a 
little more care is needed to make sure that H in eq. (p.lOl) is reproduced exactly, with 
no further subleading term in 1/A^. Since the great power of the Hamiltonian ( 2.1C| ) is 
just that it is exact at all orders in 1/N, we find useful in the next section to perform 
the calculation carefully, verifying explicitly the cancellation of the subleading terms. We 
will also find the expression for the U{N) Hamiltonian, which is not correctly given in the 
literature. 

^For the most general case, see ref. Q, sect. 4.7.1. 
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3. The string Hamiltonian 

3.1 Fermionic representation of YM 2 


The starting point is the description of YM 2 in terms of free non-relativistic fermions 
(see also ref. |3[ for review). We have seen that in the functional Schroedinger equation 
the wave-functional 'I' depends only on the holonomies U] by gauge invariance, it must 
indeed be a class function, i.e. T[t/] = '^[gUg~^\ with g a gauge transformation, g G U{N) 
or SU{N). Class functions depends only on their value on the maximal torus, whose 
elements can be parametrized as diag(e'®i,..., e^®^) (with the further constraint 9i = 0 
for SU{N)). Then T = and, by Weyl symmetry, is symmetric under exchange of 
any two 0*. The inner product on class function is fixed by the invariant measure over the 
group and is 

(^1/,^) = I lldeiA{ef\^{6)\\ (3.1) 

with A = ni<j sin[(6*i — 0j)/2\. The YM 2 Hamiltonian acting on T[0] is, for U{N), 


Hu(n) 



>^-l) 


A[0] 


(3.2) 


while Hsu(n) = “ (c^T/ 2)Q^/A, with Q the U{1) generator, see below. We can 

therefore work with a new wave-functional ip [ 9 ] = A[0]'I'[0], in terms of which both the 
inner product and the functional Schroedinger equation are those of a free theory. However, 
since T is symmetric and A antisymmetric, V' is antisymmetric, and the YM 2 theory with 
gauge group U{N) or SU{N) is therefore reduced to the quantum mechanics of N free 
non-relativistic fermions, with each fermion described by a coordinate 9i, i = 1,... N and 
therefore living on the circle, and with the further constraint 9i = 0 for SU{N). 

The generic state of this fermionic system is labelled as 


ni,...nAr) 


(3.3) 


with Hi £ Z and rii > n 2 > ■ ■ ■ nj\f, by the exclusion principle. The energy of such a state 
is read from eq. (^) and is 


F, 


e^L 


UiN ) 


N 


N 




_ 2=1 


(3.4) 


while the 17(1) charge is easily seen to be Q = Uj. The ground state, restricting for 
simplicity to N odd,^ is obtained filling all levels from —np to np, see fig. ||, with the Fermi 
surface at 

np = . (3.5) 

For this state 


N 


np 


N 


E7 = 25 :,^ = ^(iV^-i) 


i=l 


(3.6) 


^The analysis that we will discuss can be repeated with very minor modifications for N even. In order 
not to burden all arguments, repeating them for N even and N odd, we will just restrict to N odd. No 
interesting new feature appears for N even. 
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and therefore the energy (^) is zero. Each fermionic configuration {n,} corresponds to a 
Young diagram with rows of length 

hi = Hi + i — I — np , (3-7) 

and therefore the partition function (2.1) is immediately rewritten as a sum over all 
fermionic configurations. For U{N), the representation is labelled also by the U{1) charge. 
For SU{N), two fermionic configurations correspond to the same Young diagrams if they 
are related by a global shift of the n*, n* —> + 6, 6 e Z. We can use this freedom to set 

npf = —Up. 

I Even if the total number of fermions, iV, is hxed for a given 

U{N) or SU{N) YM theory, it turns out to be convenient to in¬ 
troduce a second quantization formalism, defining Bn (with n € Z) 
as the operator that destroys a fermion in the state \n) and Bn as 
the creation operator, with {Bn,Bm} = 5n,m- The number opera¬ 
tor is therefore N = The vacuum |0) is dehned by 

Bn\0) = 0 for all n. However, it is not a state of the U{N) or SU{N) 
theory, since it does not have N occupied levels. We instead dehne 
the Fermi vacuum \0)p from 


+Y - 


1 

Bn\0)p = 

= 0 if 

n\ > np 

(3.8) 

1 

Bi\0)p -- 

= 0 if 

n\ < np 

(3.9) 

Figure 1: The other words. 





filled fermionic levels 


np 



in the ground state of 

| 0 )f = 

n 

Ht|0). 

(3.10) 

SU{N) YM2 (when N 


n=—nF 




is odd). 


We use Bn, Bn to dehne operators in which the mode number is 


measured with reference to the two Fermi surfaces at n = Znp: 

> |n| < np 


= B^ 


bn = B, 


and 


rijr+l+n 


= B^ 

— {np+l)+n 


C; 

bn = B 


Ini < np . 


— (np+l)—n 


(3.11) 


(3.12) 


If we would extend the dehnitions of bn , c„ and b^ 


Cn at |n| > np then they would not be 
independent, since e.g. the same operator Bm would be assigned both to one of the bn and 
to one of the bn] we hnd simpler to put a cutoff on the mode number n and work with 
independent quantities.^ In terms of the Bn,Bt the cutoff is such that are included all 
operators Bn,Bii with —N <n<N. 

With our dehnition, the operators Bo,Bq are not assigned neither to the be sector nor 
to the be sector. On a generic state, the operator B^Bq takes the values /3 = 0,1 depending 
on whether the level n = 0 is empty or filled. While it takes no effort to keep /3 generic 
®In principle, one might decide to use an asymmetric cutoff; for instance, in bn, b„ all we really need is a 
lower bound on n for both bn and fen, so that the bn and the bn do not ’collide’ with each other; an upper 
bound like n < tif in fen, fen or a lower bound for n in Cn, Cn are not necessary. It is however sligthly simpler 
to put the cutoff symmetrically, which means that we forbid very high excitations like i3n|0) with n > N. 
As we will see, at all orders in perturbation theory in 1/N, these dehnitions are equivalent. 


-7- 







in the calculations, this is not really necessary, since the configurations in which the level 
n = 0 is empty have a Casimir 0{N‘^) and therefore do not contribute in perturbation 
theory, as we see from eq. (p.l|). In this section we limit ourselves to the perturbative 
equivalence, and we can therefore restrict to the case BqBq = 1. 

With these definitions, 

{bm Cfn} — bn+m (3.13) 

and 

Cn|0)_F = 0 n>0, (3-14) 

b^\0)F = 0 n>0. (3.15) 


We now introduce an auxiliary complex variable z and we arrange bn, Cn into the modes of 
two holomorphic fields b{z),c{z): 


np , 

n=—nF 

np 

n=—np 


Eqs. ( 3.13 ) to ( p.l7 ) defines a be theory with A = 1 (see e.g. ref. ||l^, sect. 2.7), with a 
cutoff at \n\ = np. The Fermi vacuum \0)f corresponds, in the notation of ref. [^], to 


the vacuum state | |) of the be theory. Similarly, for the modes bn,c„ 
definition that 


it follows from the 


Cn|0)F = 0 n>0, (3.18) 

6„|0)j. = 0 n>0, (3.19) 

and {bn, Cm} = Sn+m- It is convenient to arrange them into two antiholomorphic fields, 

np r 

E i^T. <3-20) 

n=—np 

np 

c{z)^ E p- ( 3 - 21 ) 

n=—np 

The fields b{z),c{z) (and similarly for b,c) are just useful bookkeeping devices for assem¬ 
bling together the modes bn,Cn, and there is nothing special in the choice A = 1. We could 
as well assemble them into a be theory with A generic, 

np j np 

E psi. E ( 3 - 22 ) 

n=—np n=—np 

(and similarly for the be theory). However, the calculation of the bosonized form of the 
YM hamiltonian that we will perform below turns out to be slightly simpler when A = 1, 











so we will restrict to this choice. In appendix A we will check that the same final result 
for the string hamiltonian is obtained for A arbitrary. 

A point to be kept in mind is that our be and be theories depend on N through the 
cutoff, \n\ < np- Furthermore, the two theories are coupled by the constraint BnBn = 
N, which can be rewritten as 

N —1 np 

N = BqBo + Bl^Bn + Bj^Bn = 1 + {e-nbn + C-nbn) , (3.23) 

n=l n=—N n=—np 

where we used the fact that BqBq = 1 on perturbative states. We now define : (...) : as the 
normal ordering with respeet to |0)i?, i.e. we anticommute the operators bn,Cm and bn,Cm 
until all destructors with respect to \0)f (i.e. en, Cn with n > 0 and bn, bn with n > 0) are 
to the right. Of course, this is different from the normal ordering with respect to |0). Then 
in eq. ( |3.23| ) the normal ordering exchanges all terms with n = —np, ..., — 1 both in e-nbn 
and in C-nbn, and therefore eq. ( p.23| ) can be written as 

= 1 + 2np + 'y ^ : e-nbn + C-nbn • , (3.24) 

n 

and, since np = (N — l)/2, we get 

^ ^ • C-nbn + C-nbn • = 0 . (3.25) 


3.2 Bosonization 

The bosonization of the be theory with A = 1 is known to be given by the linear dilaton 


theory []^|. However we have seen that, at finite N, YM2 is not exactly given by the 
product of a be theory and a be theory, but there is also an A^-dependence which enters 
through the cutoff on the mode number; furthermore the be and be theories are coupled 
through the constraint ( |3.25| ). 

As far as the cutoff is concerned, however, we can see that if in eqs. ( 3.16 ) and ( 3.17| ) 
we send the cutoff to infinity, writing 




yn+l 


e{z) = 


00 

E Cn 

zU 

n=—oo 


(3.26) 


the error that we are doing is exponentially small in N, and therefore is irrelevant in the 1/N 
expansion. In fact, the fermionic configurations in which some of the states with |n| > np 
(where n is the index of bn,en, i.e. it measures the excitation above the Fermi surface) 
are occupied correspond, through eq. (3.7), to Young diagrams with lines longer than np. 
From eqs. ( p.2D to ( |2.^ ) we see that the quadratic Casimir of these diagrams are O(A^) and 
therefore, from eq. (H, the contribution of these fermionic configurations to the partition 
function is 0(exp{—cAAA^}), with c some positive constant. These “long” Young diagram 
give therefore contributions that are non-perturbative in the 1/N expansion. These will 
be the subject of sect. 0. In this section we limit ourselves to perturbation theory. This 
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means that, in bosonizing the be theory, we can use the results valid in the infinity cutoff 
limit, and set to zero all modes Cn with |n| > np- 

The be theory can then be bosonized using the standard formulas, in terms of a holo- 
morphic field Xl{z) (see e.g. |^|, sect. 10.3), 






: be := idXp 


(3.27) 


The normal ordering in this standard formula is just the normal ordering with respect to 
lO)^? that we have used above (for a be theory with A 7^ 1 this is actually not true, as 
discussed in appendix A, and one must be more careful). Defining the modes am of 
from 

(3.28) 


dXL = iY, 


O'y. 


m+1 ’ 


riF 


eq. ( p.27[) gives 

00 

^ • Cm—nbn •— ^ ^ • Cm—nbn • ■ (3.29) 

n=—oo n=—np 

We have used the fact that perturbatively we can set 6,1 = 0 for |n| > np, to restrict the 
sum over —np < n < np. Furthermore we can also restrict |m — n| < np, that implies 
— {N — 1) < m < {N — 1). 

The energy-momentum tensor of the be theory with A = 1 can be written in terms of 
Xp as H] 

1 -i . 

(3.30) 


: {db)c : -d :be := -- : dXpdXp : --d^Xp 

The right-hand side is the energy-momentum tensor of a linear dilaton CFT. In terms of 
the Virasoro operators, we have = Lm \ with 


^ (m - n) : 6 nCm-n :, 
n=—00 

^ — 2 ( ^ ^ ‘ I 2 • 

\n=—oo / 

In particular, for m = 0 we have 

CXD 11^ 

Z/Q = ^ ^ u : C—nbn • = "^*^0 ^ ^ • 


O^—n.O^r, 


(3.31) 

(3.32) 

(3.33) 


n=l 


The be theory is bosonized similarly, in terms of an antiholomorphic field Xp{z), whose 
modes we denote by dim, with 


riF 


^ ^ • Cm—nbn 


^ ■ '^m—n^n ■ 

n=—np 


The constraint (3.25) that relates the be and be theories now becomes simply 

aQ -|- do = 0 , 


(3.34) 


(3.35) 
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so it is a constraint between the holomorphic and antiholomorphic parts of X = Xl + X/j. 


The winding number tc of X is dehned as usual, w = ao — do- Eq. (3.35) then means 


that 


Writing 


w 

«o = ^, 


w 


ao — 


(3.36) 


«0 = YZ=-np ■ C-nbn ■= {j2l=-np C-n^n) - Up = - np , (3.37) 


^71=1 

-1 


«0 = TlL-np ■ C-nbn ■= (j2ni-nF C-nbn) “ nj. = ( Y1 \ - np , (3.38) 


\n=-N 


we see that 

w = (filled levels with n > 0) — (filled levels with n < 0). (3.39) 

For SU{N), we have seen that representations that differ by an overall shift of the n^, 
ni ^ rii + b, with b integer, are equivalent. We can use this freedom to set w = 0 and 
therefore ao = do = 0. For U{N) instead this is not so, because the U{1) generator 
Q = rii is not invariant under the shift, and therefore we must keep w generic. We can 
further notice that, since the number of fermions is fixed to be N, there can be at most N 
filled fermionic modes with n > 0, in which case there are none with n < 0 and w reaches 
its maximum values w = N, while in the opposite case all fermions have n < 0 and w 
reaches its minimum value, w = —N. Therefore for U{N) 

-N<w<N. (3.40) 

We now want to write the hamiltonian for the U{N) YM theory, as well as the U{1) charge, 
in terms of a^, d^. The U{1) charge Q = rii in the second quantization formalism is 

N 

Q= Y. (3.41) 

n=-N 


We rewrite it as 
N 


np 


np 


Q = Y '^B^Bn + Y '^B^Bn = ^ (tT-f + 1 + n)c-nbn “ Y + 1 + n)C-nbr 


n=l 


n=-N 


np 


n=—nF 

np 


n=—np 


(np + l) Y 


(C—nbn C—n 


bn) + Yj 


C—nbri.^ — 


—n^n ^—n^n 


n=—np 


n=—nF 


1 


= {np + l)(ao - do) + (To - To) = [np + w + Y W-nOLn - d_nd„), 


N-\ 


(3.42) 


n=l 
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where in the last line we have used eqs. ( 3.33 ) and ( 3.3(i|) . So we find^ 


N 


N-l 




O^—n.O^r). Oi — n.Cy-r. 


(3.43) 


n=l 


The dependence on w can be easily understood noting that, under the constant shift 
rii ^ rii + b, with b an integer, Q = Yli n* —> Q + Nb. This is correctly reproduced by 
eq. (|3.43 ), since under Uj ^ Uj + 6 we have w —>■ w + 2b, as we see from eq. ( 3.39|) . 

We now perform the bosonization of the U{N) hamiltonian. The U{N) hamiltonian 
in second quantization reads 


Hi 


U{N) 


fL 

2 


N 


N 


e^L 


N 


Y. n2 : BiBr, : 


n=-N 


2=-N 

since — 1)/12 is just the normal ordering constant, see eq. (p.6|). We write 

N Tip 

^ ^ ^ • B^Bji .— ^ ^ {iT'E T 1 T u) . C—nbn T C—nbn ■ — 

n=—N n=—np 

np np 

— i'^F T 1) ^ ^ • C—nbn T C—nbn ■ ~\~2(^np + 1) ^ ^ n . C—nbn T C—nbn • T 


(3.44) 


n=—np 


n=—np 


np 


+ 'y ^ n . C—nbn T C—nbn 

n=—np 


(3.45) 


The first sum vanishes because of eq. ( 3.25 ). The second sum is just Lq + Lq, and it is 
immediately written in terms of q:„, dn using eq. (p.33|) . Therefore 


H 


U{N) 


2 


np 


(N + l)(To + Lq) + V? : C-nbn + C-nbn 

n=—np 


(3.46) 


The last term in eq. ( |3.46| ) can be bosonized using the identity 
dz 


27rz 


: dcdb ■ = - ■ ~Y'^' • ’ 


(3.47) 


which is easily checked substituting the mode expansion of the h, c fields into the left-hand 
side. Similarly 


dz 


^z^:dcdb:= +y 

2fi 


m : c_, 


ibm • T ^ ^ 


TTi . C—mbm. . . 


(3.48) 


“^Observe that when has eigenvalue one, which is the case that we have considered, w is an even 

number (since we are considering N odd) so eq. (3.43) gives an integer result for Q, as it should. If we 
repeat the computation when BqBq has eigenvalue zero we hud that the term Nw/2 in eq. (3.43) is replaced 
by {N + l)w/2 and, since we are considering the case N odd, this is again an integer. Our result for Q 
disagrees with ref. [Q, eq. (2.25), where the w dependence is written Nw instead of Nw/2. 
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Eq. ( 3.46 ) then becomes 
^UiN) - — 

Computing the OPE db{z)dc{0) we can derive the relation 


N{Lq + Lq) — (h z'^ : dcdb : + (f z^ : dcdb : 

' 27^^ / ZTTZ 


: dbdc : = ^ ; O^Xl : • 

3 D 


(3.49) 


(3.50) 


Then 


_ ^ ^2 . . + i ^2 . _ 1 

27ri J 27ri 3 




+ 


I 

+ 6 


Zm / 27rz 


(3.51) 


Substituting the mode expansion for X into the above expression, the second bracket gives 


(—l/3)(ao + «o)) which vanishes because of the constraint (|3.35| ). The first bracket gives 
instead a term cubic in a, d, and we get 

e^L ~ 1 . 

— Ai(Z/Q + Tg) + — 'y ^ . CXjnOlnOip + Om^n^p ■ 




U{N) 


mnp 


(3.52) 


In Ylmnp separate from the rest the terms where ag, dg appear, 
X 'y ^ bm+n+p ■ OimOinOlp T ^m^n^p ■ — 


mnp 


: amOlnO!-m-n + ^m^n^-m-n ■ + : OtmOinOt-m-n + 

m,n>0 m,n<0 


■ ■ ^TnOi-m '■ +o('^0 + ®g) 


(3.53) 


+ao E • ^m^—m 

m^O m^O 

Using eqs. ( |3.33| ) and (p.36 ), and introducing A = e'^N, which is the coupling to be held 
fixed in the 1/N expansion, our final result for the U{N) hamiltonian reads® 

2 N-l ^ N-1 

T ^ ^ {c^—nOln T Oi—nOin) H jij'^ ^ ^ (®—n®n d_j^dfi)T (3.54) 




XL 


U{N) 


+ 


2 

1 

N 


w 

T 


n=l 


n=l 


^ ^ ^ ^ 1 • Otm^n^—m—n “ 1 “ ^m^n^—m—n ■ 


.m,n>0 m,n<0y 


The Hamiltonian for SU{N) is obtained subtracting {e^Lf2)Q‘^jN from eq. ( 3.54 ). Using 
eq. (tj.43|) we hnd 

\ 2 


H 


XL 


SU{N) 


N-l 


'y ^ (®—nC^n T <5—ndn) ^2 ( ^ ^ (®— ^—n^n) | T (3.55) 

n=l \n=l / 


''N-l 


+ v E + E 


• m—n T ^m^n^—m—n • 


km,n>0 m,n<0 > 


^Our result disagrees with eq. (4.48) of ref. |H], where the dependence on w has been lost. 
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Observe that for SU{N) the dependence on the winding number w cancels, as it should, 
since we have seen that for SU{N) we could have set tc = 0 from the beginning. The 
cancellation is however a check of the correctness of eqs. (3.54) and ( ^.43 ). 

Eqs. ( 3.54|) and (|3.55|) prove that, at least in perturbation theory in 1/A^, YM2 with 
gauge group U{N) or SU(N) is equivalent to a string field theory, described by a string field 
X{z,z), and governed by an Hamiltonian consisting of terms 0(1) and 0(1/A^) (and, for 
SU{N), a quartic term 0{1/N‘^)), describing the creation and annihilation of strings. We 
have seen explicitly that, at least perturbatively, eqs. (^.54 ) and ( 3.55 ) are exact, i.e. there 
are no further terms suppressed by powers of 1/N. Eq. ( 3.551) coincides with eq. ( ^.10 ) and 
correctly reproduces the 1/iV expansion of SU{N) YM2. 


4. The non-perturbative correspondence 
4.1 D-branes from YM 2 

From eq. o we see that Young diagrams with a quadratic Casimir C 2 = 0{N‘^) give 
contributions to Zym proportional to exp{—O(Y')}; limiting ourselves for simplicity to a 
torus target space (so that (dimi?)^“^^ = 1 in eq. (|2.1D ), the structure of Zym is 

Zym = [0(1) + 0{l/N^) + ...]+ (4.1) 


where the bracket represents the perturbative expansion discussed above. If the string-YM 
correspondence holds even beyond perturbation theory in 1/A^, the terms should 

correspond to terms on the string theory side. In the following, for definiteness, 

we will consider the case of SU{N). 

An exact evaluation of the contributions to Zym seems to be a quite formidable 

task. However, there is a large class of diagrams that we are able to evaluate, and which 
will turn out to give a rather interesting result. These are the Young diagrams in which 
one or more lines have more than N boxes and the remaining part of the diagram has a 
number of boxes 0(1), see figs. § and Thus, we find useful to introduce a distinction 



Figure 2: Diagram with the first line longer Figure 3: Generic diagram with k lines 
than N. with more than N boxes. 


between “bounded” diagrams, defined as those diagrams in which all lines have less than 
N boxes, and “long” diagrams, i.e. those in which at least the first line, and possibly more 
lines, are longer or equal to N. In particular one can consider long diagrams with k long 
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lines, and long diagrams with N — k long lines: the contribution to the partition function 
of the two groups of diagrams is the same, since each diagram of the second group has the 
same Casimir of a complementary diagram of the first group, where the correspondence is 
the one shown in fig. ^ 

From the expression of the Casimir, eq. (2. 
one sees immediately that long diagrams are in¬ 
teresting candidates for non-perturbative contri¬ 
butions, since they have C 2 = 0{N‘^) and there¬ 
fore their contributions to exp{(—AA/ 2 iV)C' 2 } is 
exp{—0(A^)}. However, they certainly do not 
exhaust the class of all Young diagrams with 
C 2 = 0(Y2), since in general diagrams with 
0{N) boxes in the bounded part R' can have 
C 2 = O(Y^), independently of whether they have long lines or not. While the contri¬ 
bution of diagrams with 0{N) boxes in the bounded part R' is difficult to evaluate, the 
contribution of long diagrams with 0(1) boxes in R' can be evaluated as follows. 

Consider first a long diagram as the one shown in fig. ||, with the first line of length 
N + m, with m = 0,1,... 00 generic, and 0(1) boxes in the remaining part. Since we are 
considering SU{N), there are at most N — 1 lines in total. Eliminating the first line, we are 
left with a Young diagram corresponding to a generic representation R' of a chiral sector 
(in the sense of Q) of SU{N — 1). Let again hi be the number of boxes in the i-th line, 
n = total number of boxes in the diagram i?, and let n' = the 

total number of boxes in R'. Simple algebra shows that 

C 2 {R) = C 2 {R') + m (^3Y - 3 - + m2 (^1 

Since n' = 0(1), the leading terms in C 2 {R) are: 

C 2 {R) cri C 2 {R') + 2N^ + N{3m - 2) + m^ . (4.3) 


- j^] +2N'^ -2N - 4n . (4.2) 


N N 



Figure 4: Diagram with 0{N) long lines 
and its complementary, both with the same 
Casimir value. 


), 


The great simplification in eq. ( |4.3|) is that n' does not appear explicitly and all dependence 
on R' is through C 2 {R')- This allows to factorize the contributions of the subdiagram R'. 
In fact, summing over all m = 0,... ,00 and over all representations R' with n' = 0(1), 
and defining 



(4.4) 


we find that the contribution to Zym of this class of diagrams is 
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We have denoted by chiral partition function of SU{N — 1) (see ref. @|)®. 

It is not difficult to extend this result to diagrams with k > 1 long lines, with k N 
(see fig. ^). Let the length of the long lines he hi = N + rrii, with mi > m 2 > ■ ■ ■ > m^.. 
As discussed above, an identical contribution comes from diagrams with N — k long lines; 


then, with the same approximations used in eq. (4.3), we find 


C2{R) C2{R') + 2kN^ + {3 


k 

E 

2 = 1 


rrii - 


2k^)N + 


m,- 


(4.6) 


2 = 1 


The resummation of all contributions with k long lines, with k N, gives therefore 
^ Y e-t[^2(R0+2A:7VW(3Etl«^i-2fc^W+Ei«*?] /"i + o )) = 

R' ^ J J 


= e 


—2kaN 


7chir \ 2fc^a 

^SU{N-k) I ® 


n 

m=l 


1 


1 — e 


—3am 


+ 0 


N 


(4.7) 


(where in the first line Xlmi '^uns over all m^ = 0 ,... 00 with the condition mi > m 2 > 
... > mfc). Thus, we have been able to resum a very large class of diagrams, and the 
result is quite interesting: the resummation of all diagrams with k “long” lines, i.e. with 
k lines longer than N, and with all possible chiral subdiagrams R' with 0(1) boxes gives 
a contribution proportional to 


—2kaN 


k = l,2,... 


(4.8) 


An equal contribution comes from the resummation of the diagrams with N — k long lines. 
Recalling that N = 1/gs, a = AA/2 and that A is related to the string tension of 


the string theory by A = l/(7ra') (see the discussion below eq. (^)), we see that these 
contributions are just of the form with 


and 


Sdi =TikA, 

(4.9) 

1 

'^1 = / • 

ira'gs 

(4.10) 


Now, Ti has exactly the form expected for the tension of a Dl-brane, modulo a numerical 
factor which depends on the specific theory (for instance in type IIB in 10 dimensions, 
Ti = l/{27ra'gs) [1^|). The dependence on the target space area is also what we would 
expect from iAl-branes. Indeed, recall that the string theory equivalent to YM 2 is quite 
peculiar because it describe a string with no foldings l]!], i.e. a string whose world-sheet 
area is an integer times the target space area. The integer then counts the number of 
times that the string world-sheet covers the target space. If this theory has Dl-branes, it 
is therefore natural to expect that they, too, have no foldings, and indeed the factor kA 


®We should remark that the factorization of the contribution of the representations R' takes place only 

7chir 


at leading order. The 0{1/N) corrections in eq. (4.5) are not simply proportional to 
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in eq. ( |4.9f ) can be interpreted as the world-sheet area of a Dl-brane wrapping k times, 
without foldings, over the target space. 

Instead, it is clear that (independently of any approximation) there is no contribution 
that could be interpreted as with Sdo the action of a DO-brane. In fact, Sno would 

rather be proportional to the length of the world-line of the ZDO-brane. However, Zym is a 
function only of the area of the target space, which has no relation to the world-line length 
and therefore such terms are absent. 

Thus, we have a non-perturbative structure in which terms that allow an interpretation 
as Dp-brane with p odd (i.e. p = 1 because we are in two dimensions) are present, while 
with p even (i.e. p = 0) they are absent. This is the typical structure of a type B string 
theory. Since we have no spacetime supersymmetry, it is quite natural to identify the 
theory with a sort of type OB string theory. 

Finally, it is interesting to recall that perturbation theory is really an expansion in 
1/AI^, i.e. in rather than in 1/N. It was in fact observed by Gross [|[| that the terms 
with odd powers in 1/N are zero because of a cancellation between a Young diagram R and 
its conjugate R which has its rows and columns interchanged. However, when we consider 
“long” diagrams, i.e. diagrams with lines longer than Y, the conjugate diagram does not 
exist, because we cannot have columns with more than N boxes. So the cancellation does 
not take place, and in the non-perturbative sectors the corrections have the form 

e-"fl(l + 0(p,)) , (4.11) 


rather than e ^3“ (1 -|- 0{gl)). 

4.2 The stringy exclusion principle 

In the previous section we have understood the effect of “long” Young diagrams: we have 
seen that the Young diagrams with k (or N — k) lines longer than N give the contribution 
that, in string theory, would be expected from a Z?l-brane wrapping k times over the target 
space. We now turn our attention to the non-perturbative effects in again limiting 

ourselves to the torus. Following ref. j^], we consider the contribution of the (bounded) 
diagrams in which the total number of boxes n is 0(1), rather than 0{N)J Then in the 
Casimir ( p.3D the term C is 0(1) while n?/N = 0(1/Y), so they can both be neglected 
compared to nN. Therefore in this approximation Q 

{hi} 

where as usual hi denote the length of the z-th row and therefore } runs over the 
domain hi > h 2 > ■ ■ ■ > h^-i > 0. The sum is performed |Q introducing ki = hi — h 2 , k 2 = 

^In the language of sect. ^ this means that we are restricting to excitations around the Fermi surface at 
+nF- A similar contribution comes from the excitations around —np- For the torus, at leading order, this 
just results in an overall factor of 2, which is not important for our purposes. In the notation of Q we 
are restricting to one chiral sector. 
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/i2 - /is, • • •, kN-2 = hN-2 - /iAf-1, kN-1 = /lAT-i- Then Y^i hi = Yjjkj and 


70=1 _ 
^YM — 


CO CO A^—1 / oo 


E- E 

ki=0 /civ—1=0 


n E= 

mi=l \k=0 


Then 


N-l 


7G=1 _ 
^YM — 


nr 

mi=l 


_ p—ami 


(4.13) 


(4.14) 


From the non-perturbative point of view, the interesting aspect of this result is that the 
product over m runs only from m = 1 to m = N — 1, rather than up to m = oo. The 
reason, of course, is that there are only N — 1 variables kj because the Young diagrams of 
SU{N) have at most N — 1 lines. Taking the logarithm and expanding it. 


In Z- 


G=i 

YM 


N-l 

mi=l 


— e 


—ami ^ _ 


iV-1 

E 

mi=l 1712=1 


E 


1 

-( 

m2 


—amim2 


(4.15) 


Inserting 1 = 


mim2,a? 


oo 

In ~ c{n)e 

n=l 


with 


A^—1 OO 


c{n) = Y 


mi=l m2=l 


m2 


m\m2^n • 


(4.16) 


(4.17) 


Eqs. ( 4.16 ) and ( 4.17 ) show clearly the geometric interpretation in terms of a theory of 
maps. In fact, = exp{—(A/2)74ri} is just the factor expected from a string without 
foldings that wraps n times around the target space, with string tension l/(27ra^) = A/2, 
while it is possible to show that c(n) is just the number of coverings of the torus by a 
torus with n sheets |j^, |^. Thus we have a mapping from a world-sheet to a target space, 
i.e. a string, and in this interpretation mi,m 2 are the number of times that the string 
world-sheet winds around the two cycles of the torus. 

The surprise, in eq. ( 4.17| ), is that the winding over one of the cycles, mi, is limited 
by Y — 1 for SU{N) (or by N if we repeat the calculation for U{N)). So, first of all, 
there is an asymmetry between mi and m 2 , which instead ranges from 1 to 00 . Technically 
this came out because mi and m 2 have a very different origin: mi labels the variables kj 
and therefore the lines in a Young diagram, and then it cannot exceed N — 1. Instead m 2 
appeared from the Taylor expansion of the logarithm in eq. ( 4.15| ). However, it is clear that 
this asymmetry must be an artefact of our approximations, i.e. of restricting to the class of 
Young diagrams such that C can be neglected, and if one would be able to compute exactly 
the non-perturbative contributions the symmetry should be restored. Our expectation is 
that both cycles will then be limited by Y — 1. Therefore, the number of times that the 
string winds on the target space torus is limited by a value Y — 1 for SU (Y) or Y = 1/gs 
for U{N). This is clearly a non-perturbative limitation, and it is very similar to the stringy 
exclusion principle found by Maldacena and Strominger [O] in the context of AdSs. 
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4.3 Numerical investigation of the non-pertnrbative phase structure 


Given the difficulty of an exact analytical investigation of the non-perturbative contri¬ 
butions, one might consider a numerical study. Actually, the “long” diagrams discussed 
in sect. ^ would be difficult to study numerically, because even for fixed N there is an 
infinite number of them; however, we have shown that these diagrams can be resummed 
and can be well understood analytically. A complete analytic understanding is instead 
more difficult for the “bounded” diagrams but since, at fixed N, there is a finite number 
of them, one could try to compute their effect numerically. In particular, one might try a 
strategy borrowed from lattice gauge theory simulations: evaluate the partition function 
(13) numerically, restricting the sum to the bounded diagrams; subtract the perturba¬ 
tive contribution, evaluated to a sufficiently large order, chosen such that, numerically, 
the exponential terms can be extracted by a fit against N. Furthermore, the perturbative 
contribution to the torus partition function have already been computed explicitly to very 
large order in ref. |]^]. 

This strategy however meets an instructive problem. Fig. |5| shows the “bounded” 
partition function of the torus, evaluated numerically for different values of N and a, and 
compares it with the perturbative expansion of ref. [^], pushed up to 6 th order.® As we 
expect, for sufficiently large N the two coincide, and there is a critical value Nc below 
which they start to diverge; actually, at N < Nc even the qualitative behaviour of 
has nothing to do with its perturbative expansion. 

Numerically, we have found that the critical value Nc is a decreasing function of a, 
roughly given by aNc{a) ~ 7 , with 7 a numerical constant.® This means that the pertur¬ 
bative expansion is a good approximation only for aN ^ 7 ; Taking as a typical reference 
value the non-perturbative contributions ~ found from long diagrams, we see that, 

when the perturbative expansion starts to be in rough agreement with the exact result, a 
term of this type would be already suppressed at least by a factor ~ = 0 ( 10 “^®) 

compared to the perturbative term which is 0 ( 1 ), and it is therefore numerically invisible. 

However, the fact that aNc{a) ~ 7 is of some interest in itself. It means that in the 
plane {gs,a) there is a non-trivial phase structure. When Qs 'C a/ 7 , perturbative string 
theory is a good approximation to the full theory (at least if at the same time gs < 1 / 2 , 
because gs = 1/N and N > 2). Instead, when gg ^ a/'j we enter into a qualitatively 
different regime, as we see from fig. where the perturbative expansion is of no use and 
strong coupling effects are dominant. 

If we take the limit a —> 0 at fixed gs, we always end up in this strong coupling domain, 
for all non-zero values of gs- The limit a —> 0 has been studied in ref. Q, where it is found 
that YM 2 becomes a topological string theory. This therefore clarifies the nature of the 
theory in the strong coupling phase gg^a/^. On the other hand, this also means that from 


®Of course S'Ud the full partition function Zym differ only by the contribution of “long” dia¬ 

grams, so they have the same perturbative expansion. 

®The numerical value of 7 depends of course on the precise definition of Nc- For instance, if is defined 
as the point where the 6 th order perturbative series and the numerical result differ by 5%, then 7 = 0(20). 
Also, the precise functional form of Nc{a) is not exactly ^ 1/a. However, the only important point for us 
is simply that there are two qualitatively different regions separated by a curve Nc{a). 
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Figure 5: Numerical evaluation of . Dashed lines are the plots of the perturbative series. 

the limit a —> 0 we cannot learn anything about the perturbative string theory, since the 
two regimes are qualitatively different. 

5. Conclusions 

We have examined various aspects of the string/YM correspondence in two dimensions. At 
the perturbative level we have shown how, from the bosonization of the fermionic formula¬ 
tion of YM 2 , one can derive rigorously the string field theory hamiltonian which reproduces 
the full \/N expansion of the theory. At the non-perturbative level, we have found that 
the YM 2 partition function reproduces a number of non-perturbative effects which should 
be expected in the corresponding string theory. In particular, we have identified repre¬ 
sentations of SU{N) that would correspond to ZDl-branes in the string formulation, while 
terms that could be identified with DO-branes are absent; this suggests that the correspon¬ 
dence holds even non-perturbatively, and that the non-perturbative structure is typical of 
a type OB string theory. 

We conclude with some conjectural remarks. If the interpretation in terms of some 
form of type OB theory on the cylinder is correct, it is natural to ask what happens if we 
perform a T-duality transformation along the compact spatial direction of the cylinder, and 
it is natural to expect to get a type OA string theory; the Z?l-branes would then become 
DO-branes. Such a string theory would not have a direct relation with a two-dimensional 
YM, since we have seen that in YM 2 the partition function depends only on the area of 
the target space, and cannot account for the effect of DO-branes. 

However, a type A theory, and DO-branes, could be the signal of the non-perturbative 
opening up of a third dimension, with size R 3 ~ Of course, since we have no 

space-time supersymmetry, the possibility of the opening of a third dimension, and corre¬ 
spondingly the existence of a three-dimensional M-theory, should be taken with the same 
caveats that hold for the bosonic string in 26 dimensions. Even in that case, however, there 
are arguments suggesting the existence of a 27-dimensional M-theory [p0|. 
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If these conjectures are correct, there should be a 3-dimensional M-theory which re¬ 
duces to a two-dimensional string theory at weak coupling, when the third dimension 
becomes unaccessible. It is quite tempting to conjecture that such an M-theory could be 
a Chern-Simons (CS) theory on a suitable manifold with a boundary. This is suggested 
by the well known fact that a CS theory on a three-dimensional manifold with a bound¬ 
ary induces a current algebra on the boundary |^], and indeed CS theory can be used to 
produce in this way all rational CFT [22|. Furthermore, it is possible to construct string 
theories, which have the peculiarity that the matter and ghost sectors do not decouple, 
which have the target space interpretation of a CS theory [^]. 


A. Bosonization and string hamiltonian for A generic 

In this appendix we repeat the calculations that led to the string hamiltonian starting from 
eq. ( |3.22 ) with A generic. This is an useful check of the correctness of the result, and will 
reveal some small subtlety in the computation, especially concerning the relevant definition 
of normal ordering. 

The formulas for the bosonization of the be (be) theory are the standard ones used in 
sect. H]: 

6=:e*^^:c, c=:e~"^^:c, : be :c= iOXl . (A.l) 

(and similar ones for the be fields, with an antiholomorphic bosonic field Xr{z)). However, 
it is important to observe that the normal ordering in this relations is the conformal one, 
that in the be theory is related to the annihilation-creation one by (see e.g. [I8|, chapt. 2): 


: b{z)e{z') :c = 

.. , {z/z^y ^ — 1 

■ KzW) : + ^ ^ ^ , - 

z — z' 

(A.2) 

from which one can derive: 



: b{z)e{z) 

:c = : b{z)e{z) : 

(A.3) 


We see that for A = 1 they are equal; therefore in this special case we could neglect the 
distinction between the two. 

For the bosonic theory instead the normal ordering of annihilation-creation (with re¬ 
spect to the standard vacuum) is identical to the conformal one. 

Developing the X field in modes as in the A = 1 case (eq. (|3.28 )), using eq. (^) (and 
the analogous ones for the be fields) and the relation ( A.3|) between the normal orderings, 
we obtain: 

np 

Otm — ^ ^ • Cra—nbn ■ 

n=—np 
np 

^ ^ • ^m—nbn ■ 

n=—np 
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In particular the constraint (3.25) becomes: 


cxq + cio — 2(A — 1) 

In the general case the Virasoro generators of the be theory are: 

^ {mX - n) : bnCm-n ■ + 


In particular: 


^ • C-nbn ■■ + 


A(l-A) 


(A.5) 


(A.6) 


(A.7) 


The Virasoro generators of the bosonic theory are: 

1 / 1 \ 

L^n ^ — 2 ^ ^ “1“ • 

n=—oo ^ ^ 

and in particular: 

j-iX) _ 2 I f X lA 

n=l ^ ' 

The antiholomorphic field obeys similar formulas. To obtain the hamiltonian (for U{N) 
and SU{N)) we can easily generalize the calculations of sect. 

For what concern the 17(1) charge, following the same steps of eq. (3.42), we obtain: 


(A.8) 


(A.9) 


Q — (np + 1)(q:o ~ do) + (Tq — Lq) — {np + 1)(q:o — do) + (ckq ~ do)(A — 1) + 

I 7V-1 

- (A - -)(ao - do) + ^ {ot-nOin - a-nOin) (A.IO) 

n=l 

where we have used eq. ( |A.9| ) and eq. ( |A.5D . So we finally obtain the same result of the 
A = 1 case, as we expected: 


N 


N-l 




^—n^n ^—n^n) 


(A.ll) 


n=l 


The U{N) hamiltonian, given by eq. (3.45), can be written as: 


Hu{n) “ y 


Up 


C-nbn ■ + : C-nbn 0 + {N + l)(To + To) ~ (-^ + 1)^(1 ~ ^) 

(A.12) 


n=—nF 


For A generic we must use the relation: 
dz 


.. : dedb : = - ^ : +(1 - 2A) ^ n : C-nbn ■ + 

n n 

+A(1 — A) : C-nbn ■ 


(A.13) 
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and the similar one for tilded fields: 


dz 

2 'Ki 


: dcdh : = + ^ 


n : c_. 


i^n • (1 2A) ^ ^ n . C—nbn . + 


^ ^ ■ C—nbn 


(A.14) 


Thus the hamiltonian becomes: 


H, 


U{N) 




— (j) ^^z^ : dcdb : + / : dcdb : + 

2 m / ivrz 


+(A^ + 2 - 2A)(Lo + To) - (AT + 2 - 2A)A(1 - A) 


(A.15) 


(where we have used eq. ( 3.25 ) and eq. ( A.7 )). Using eq. ( A.2 ) we can derive the relation: 

A^ - 3A2 + 2A 


: dc{z)db{z) : = : dc{z)db{z) -.c + ■ 


3z^ 


(A.16) 


(and analogously for the be fields). 

Using eq. ( A.16 ), then eq. (|3.5C| ) and finally the mode expansion of the bosonic field, 
we obtain: 


Hu{n) “ yA 


N-l 


^ ^ T ^ ^ 1 • CUmOlnCK—nn—n T CimCXnO—m—n ■ T2q!o ^ ^ Q;_n,Q<nT 


m,n>0 m,n<0 

7V-1 


n=l 


+2q:o Oi-nb^n + A ~ + 2 — 2A)(Lo + Aq) + 


n=l 


-{N + 2 - 2A)A(1 - A) - -(A^ - 3A2 + 2A) 

O 

which using eq. (|A.9|) and eq. (|A.5|) becomes: 


(A.17) 


Hi 


U(N) 


(e^N)L 


N-l 


W . 

x + E< 


1 


N-\ 


OL—YiOLyi H“ “t“ ^ ^ {c^—nC^n ^—n^n)~^ 

n=l n=l 


+ 


\m,n>0 m,n<0 / 




(A. 18 ) 


which is exactly eq. ( 3.54 ) as we expected. Finally it is obvious that, being and Q 

the same ones of the A = 1 case, is given by eq. (p.55 ). 


References 

[1] D. J. Gross, “Two-dimensional QCD as a string theory,” Nucl. Phys. B 400 (1993) 161 
[arXiv:hep-th/9212149]. 

[2] D. J. Gross and W. Taylor, “Two dimensional QGD is a string theory,” Nucl. Phys. B400 
(1993) 181 [arXiv:hep-th/9301068]. 


- 23 - 




















[3] S. Cordes, G. Moore and S. Ramgoolam, “Lectures on 2D Yang-Mills theory, equivariant 
cohomology and topological field theories,” Nucl. Phys. Proc. Suppl. 41 (1995) 184 
[arXiv: hep-th /9411210]. 

[4] S. Cordes, G. Moore and S. Ramgoolam, “Large N 2-D Yang-Mills theory and topological 
string theory,” Commun. Math. Phys. 185 (1997) 543 [arXiv:hep-th/9402107]. 

[5] J. A. Minahan and A. P. Polychronakos, “Equivalence of two dimensional QCD and the 
c = 1 matrix model,” Phys. Lett. B312 (1993) 155 [arXiv:hep-th/9303153]. 

[6] M. R. Douglas, “Conformal field theory techniques for large N group theory,” 
arXiv:hep-th/9303159. 

[7] M. R. Douglas, “Conformal field theory techniques in large N Yang Mills theory,” 
arXiv:hep-th/9311130. 

[8] P. Horava, ‘Topological rigid string theory and two-dimensional QCD,” Nucl. Phys. B463 
(1996) 238 [arXiv:hep-th/9507060]. 

[9] M. Caselle, A. D’Adda, L. Magnea and S. Panzeri, “Two-dimensional QCD is a 
one-dimensional Kazakov-Migdal model,” Nucl. Phys. B 416 (1994) 751 
[arXiv:hep-th/9304015]. 

[10] M. Billo, M. Caselle, A. D’Adda and P. Provero, “Matrix string states in pure 2D 
Yang-Mills theories,” Nucl. Phys. B 543 (1999) 141 [arXiv:hep-th/9809095]. 

[11] M. Billo, A. D’Adda and P. Provero, “Matrix strings from generalized Yang-Mills theory on 
arbitrary Riemann surfaces,” Nucl. Phys. B 576 (2000) 241 [arXiv:hep-th/9911249]. 

[12] J. M. Maldacena and A. Strominger, “AdS(3) black holes and a stringy exclusion principle,” 
JHEP 9812 (1998) 005 [arXiv:hep-th/9804085]. 

[13] A. Migdal, “Recursion relations in gauge theories,” Zh. Eksp. Teor. Fiz. 69 (1975) 810. 

[14] B. E. Rusakov, “Loop averages and partition functions in U(N) gauge theory on 
two-dimensional manifolds,” Mod. Phys. Lett. A 5 (1990) 693. 

[15] D. J. Gross and W. Taylor, “Twists and Wilson loops in the string theory of two 
dimensional QCD,” Nucl. Phys. B403 (1993) 395 [arXiv:hep-th/9303046]. 

[16] E. Witten, “On quantum gauge theories in two dimensions,” Commun. Math. Phys. 141 
(1991) 153. 

[17] E. Brezin, C. Itzykson. G. Parisi, J. B. Zuber, “Planar diagrams,” Commun. Math. Phys. 
59 (1978) 35. 

[18] J. Polchinski, “String Theory,” Cambridge University Press, 1998. 

[19] R. E. Rudd, “The string partition function for QCD on the torus,” arXiv:hep-th/9407176. 

[20] G. T. Horowitz and L. Susskind, “Bosonic M theory,” J. Math. Phys. 42 (2001) 3152 
[arXiv:hep-th/0012037]. 

[21] E. Witten, “Quantum field theory and the Jones polynomial,” Commun. Math. Phys. 121 
(1989) 351. 

[22] G. W. Moore and N. Seiberg, “Taming the conformal zoo,” Phys. Lett. B 220 (1989) 422. 

[23] E. Witten, “Chern-Simons gauge theory as a string theory,” Prog. Math. 133 (1995) 637 
[arXiv:hep-th/9207094]. 


- 24 - 



